In this paper we introduce the n-dimensional hypersurface quantum volume operator by using the n-dimensional holonomy variation formula. Instead of trying to construct the n-dimensional hypersurface volume operator by using the n-1 dimensional hypersufrace volume operators, as it is usually done in 3d case, we introduce the n-dimensional volume operator directly. We use two facts -first, that the area of the n-dimensional hypersurface of the n+1 dimensional manifold [9] is the volume of the n dimensional induced metric and secondly that the holonomy variation formula [3] is valid for the n-dimensional hypersufrace in the n+1 manifold with connection values in any Lie algebra.
Introduction
The area of the n-dimensional hypersurface of the n+1 dimensional manifold [9] is the volume of the n dimensional induced metric and can be written as:
, where a, b, j = 1, .., (n + 1)
The main goal of this paper is to introduce the quantum volume (area) operator for the volume of the n-dimensional hypersurface in n+1 dimensional space. Instead of trying to create the n-dimensional volume operator by using n-1 dimensional area electric flux operators as it is usually done in LQG [8] , [9] we propose to introduce the volume operator directly. We will illustrate first the idea on the 3 dimensional volume of the 4 dimensional space first before moving to the n-dimensional hypersurface.
The paper is organized as follows. In the next section 2 we derive the 3d volume operator by using the new approach. In section 3 we generalize this approach for the volume operator of the n-dimensional hypersurface. The discussion section 4 concludes the paper.
3D Volume Operator
Let us consider the 4-dimensional Lorentzian manifold with the Ashtekar complex variables [1] : self-dual connection A IJ µ with the values in sl(2, C) ⊗ C = sl(2, C) ⊕ sl(2, C) and the corresponding conjugate momentum variable -complex valued fluxes Π µ IJ , where I, J, µ = 1, ...4. We consider a curve γ intersecting the 3d hypersurface of the 4 dimensional manifold. The variation of the holonomy along this curve with respect to the connection according to [3] will have the following form:
, where U (A, γ) is a holonomy along the path γ(s), X IJ are sl(2, C) algebra generators, I, J = 1, ..4. The electric field quantum operator inserts sl(2, C) algebra generator X IJ when the curve γ(s) intersects the 3d hypersurface. We then introduce the volume grasp operator:
, where n α ( σ) is a 3-D hypersurface norm covector
By substituting (2) into (3) we obtain:
If we assume that the 4-dimensional manifold can be spanned by the curves γ and 3d hypersurfaces then we obtain:
We introduce the operator:
The operator acts by inserting the algebra generators X I , therefore:
The IJ δ IJ (X IJ )(X IJ ) is SL(2,C) Casimir. Using the principal series SL(2, C) representation with parameters (n ∈ Z, ρ ∈ C) that includes also unitary representations (for ρ ∈ R) and all non-unitary ones (for ρ ∈ C ) we know that the sum is equal to [7] , [12] , [10] :
from (8) and (9) we obtain:
The volume operator is then defined as:
N-Dim Volume Operator
The same formalism can be generalized to the volume of the n-dimensional hypersurface in the n+1 dimensional space. The difference is n-dimensional connection variables A IJ µ with the values in some Lie algebra so(n) or even in the algebra of noncompact group sl(n, C) with the corresponding n-dimensional conjugate momentum. We would again consider a curve γ intersecting the n-dimensional hypersuface in the n+1-dimensional manifold. The the holonomy variation formula is valid for the n+1 dimensional manifold and any connection as mentioned in [3] :
,where X IJ are the generators of the connection A IJ µ algebra. By introducing the nvolume grasp operator:
, where n α ( σ) is the n-dimensional hypersurface norm covector
By substituting (12) into (13) we obtain:
by doing integration as in 4-dimensional case we obtain:
The volume operator of the n-dimensional hypersurface is then defined similarly to the 3-dimensional case:
, where C(X IJ ) is the Casimir of the connection algebra spanned by the algebra generators A IJ . Thus for the two dimensional spacelike hypersurface of the 3 dimensional space the volume (area) operator will have the form:
for the two dimensional timelike hypersufrace:
the three dimensional hypersurface volume operator is:
Discussion
In this paper we have suggested a new approach to the n-dimensional hypersurface quantum volume operator. Instead of deriving the 3d volume operator by using the 2-dimensional case grasp operators, we derived it directly by using the holonomy variation formula [3] . We also generalize this approach for the n-dimensional hypersufrace of the n + 1 dimensional manifold, with the connection values in any Lie algebra.
